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Abstract. We describe the vector-tensor multiplet and derive its Chern-Simons coupling to the N = 2

Yang-Mills gauge superfield in harmonic superspace.

The N = 2 vector-tensor multiplet, which was discovered
many years ago by Sohnius, Stelle and West [1] and then
forgotten for a while, has recently received much interest
[2-4] due to the fact that it originates in the low-energy
effective Lagrangian of N = 2 heterotic string vacua. As
a representation of N = 2 supersymmetry, this multiplet
is very similar to the massless 8 + 8 Fayet-Sohnius hyper-
multiplet [5,6] which possesses an off-shell central charge
generating the equations of motion.

The vector-tensor multiplet is the only known N = 2,
D = 4 supersymmetric model that has not yet been for-
mulated in the harmonic superspace [7]. Since the har-
monic superspace is believed to be a universal framework
for N = 2 supersymmetric theories, finding a relevant for-
mulation for the vector-tensor multiplet seems to be of
principal importance. On the other hand, adequate for-
mulations of the vector-tensor multiplet in an N = 2 su-
perspace with central charges have been given in recent
papers [8,9]. Our primary goal in this letter is to show
that the main results of [8,9] have a natural origin in the
harmonic superspace approach.

We start with re-formulating the Sohnius prescription of
constructing supersymmetric actions [6] in harmonic su-
perspace. The harmonic central charge superspace [7] ex-
tends the N = 2 central charge superspace [6], with coor-
dinates {z™, z, 0%, 0.}, 0% = 04" (where z is the central
charge real variable), by the two-sphere S? = SU(2)/U(1)
parameterized by harmonics, i.e. group elements

(w;™, u; ) € SU(2)

S i — oy iy =
u; = e ;utY utt = u; uTtu; =1. (1)
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is most suitable to the description of analytic superfields
&(¢,u) which depends only on the variables

CM = {$27ZA’9+Q7§g} (3)
and harmonics uli (the original basis of the harmonic su-

perspace is called central [7]). Below we will mainly work
in the analytic basis and omit the corresponding subscript

“A”. The_exj?licit expressions for the covariant derivatives
DE = Diui, D = Diuf in the analytic basis can be

found in [7].
The GIKOS rule [7] of constructing N = 2 supersym-
metric actions

/dC(*‘*)du £@® d¢Y = drzd?0td*ot  (4)

involves an analytic superfield £*)(¢,u) of U(1)-charge
+4 which is invariant (up to derivatives) under central
charge transformations generated by 9, = 9/0z
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Here £ is a function of the dynamical superfields, their
covariant derivatives and, in general, of the harmonic vari-
ables.

In harmonic superspace there exists a prescription to
construct invariant actions even for non-vanishing central
charges. The construction makes use of a constrained an-
alytic superfield £+ (¢,u). L is an analytic superfield
of U(1)-charge +2

DiLtt = DLt =0 (6)

which satisfies the covariant constraint

DXttt =0.
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D+ acts according to

Dt = DY +i(6M00 — é;w)aﬁ
z
.0 _. 0
++ _ ,+ _9iptsmpt
DT =u S 210700 pye (8)

on analytic superfields. Then the action
S = /dd—‘*)du ((67)2 — (67)?) £ (9)

is supersymmetric and, hence, invariant under central
charge transformations. Under a supersymmetry transfor-
mation

d2™ = —2i(e o™ +0ToMe)
0z =2i(e 0t —e0h)
80t =¢t  00F =¢f (10)
S changes by
5S = /dg<—4>du { (1) — (6%)) 522t
0z
2 (ot ety o) (11)

Making use of the identity 2 (70T —€et0%) = —iDT5z
and integrating by parts in (11), one arrives at

S = —i / d¢Ddu 52D LT (12)

and this is equal to zero due to (7). The action (9) is real
if LT is imaginary

E++ — [Tt (13)

with respect to the analyticity preserving conjugation

(smile) ~ = * introduced in [7], where the operation ~

denotes the complex conjugation and the operation * is de-

fined by (u;)* = u;, (u; )* = —u;", hence (uf )™ = —ui.

Equation (9) is the formulation of the Sohnius action

[6] (see also [10]) in the harmonic superspace. More ex-

plicitly, in the central basis the constraint (7) means

_ pij +,,+

LT = LY(x,2,0)u; uj (14)

for some u-independent superfields £, and the analytic-
ity conditions (6) take the form

DGt = pligit — . (15)
Since 1
d¢t=% = 1—6d4xD‘°‘DgD;D_"X (16)
the action (9) turns, upon integrating over S2, into
1 . o
S== /d% (D*' DI, — DLDY) L. (17)
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It is instructive to consider two examples. The 8 +
8 Fayet-Sohnius off-shell hypermultiplet coupled to the
N = 2 gauge multiplet is described in the N = 2 central
charge superspace by a superfield g;(x, z, 0) satisfying the
constraints [6]

D((Xiqj) = ’D((;qj) =0 (18)
with D!, the gauge covariant derivatives. This is equivalent
to the fact that the superfield ¢© = q;u** is covariantly
analytic

Diq" =Diq" =0 (19)
and satisfies the gauge covariant constraint
Ditgt =0. (20)
In the analytic basis DI T is
++ s ptapt _ grgray 9
DT =D +i(07*0, — 6.6 )a—
z
Dt =Dt +ivtt (21)

where V7 is the analytic Yang-Mills gauge prepotential
[7]. Therefore, the gauge invariant superfield
£t =3

5 (0.7 = 0.0 ") +mitat

(22)
meets the requirements (6) and (7). Because of (20), the
corresponding action can be rewritten in the following
form

Ses = / 4D {—q+DH gt

Fmatet (09— (092} (23)
which is very similar to the action functional of the infi-
nite-component g-hypermultiplet [7]. Another non-trivial
example is the effective action of the N = 2 super Yang-
Mills theory [11,12] (supersymmetry without central
charges)

Ssynm = tr / d*zd*0F (W) + tr / d'zd* OF(W) (24)

where W is the covariantly chiral field strength of the
N = 2 gauge superfield [13]. Ssym can be represented as
follows

1 _
Ssym = Ztr /dC(_4)du ((07)* = (67)%) L&

L = (DY) FW) — (DY) F(W) . (25)

It is obvious that £, satisfies the requirements (6) and

(7).

A free vector-tensor multiplet can be described in the har-
monic superspace by an analytic spinor superfield ¥ (¢, u)

Diwf = DiwE =0 (26)
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subject to the constraints

Dot =0
D~ewf = Doy

(27)
(28)

with @ the smile-conjugate of ¥ .
that in the central basis ¥ reads

Equation (27) implies

Uh =W,(x, 2, 0)ut U = Wl (x,2,0)ul  (29)
for some u-independent superfields ¥,; and its complex
conjugate ¥? . Then, the analyticity conditions (26) are

equivalent to

piw}) = D{w)) =0 (30)
and the reality condition (28) takes the form
DY, = Do W . (31)

Equations (30) and (31) constitute the constraints defin-
ing the field strengths of the free vector-tensor multiplet
8].

Using the anticommutation relations

{Df, D5} = 2icap0. {D;Dg} = 2,30,

+ DTV — D Dty — _9; .
(D}, D3} =—{D;, D} = —2id,, (32)
one immediately deduces from (26) and (28) generalized
Dirac equations
0.0 = 9,0 0.0

= OgaW ™’ (33)

and hence
Xt =owt . (34)

The last relation can be also obtained from (26) and (27),
in complete analogy to the Fayet-Sohnius hypermultiplet.
We read (33) and (34) as a definition of the central charge.
If one had not allowed for a central charge then the con-
straints (26)—(28) would have restricted the multiplet to
be on-shell.

The super Lagrangian associated with the vector-
tensor multiplet reads

1 O vy s
jtffree = _i (W-HIW;_ - Wgw-i_a) .

(35)

Under central charge transformations it changes by deriva-
tives

1 "
++ 1o  (grogta
6 ‘Cvt free — 26‘1@ (W v ) ) (36)
The functional
Seesee = [ A6 Hdu (67 = (@) Lie (37

can be seen to coincide with the action given in [8]. An-
other possible structure
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produces a total derivative when integrated over the su-
perspace.

The constraints (26)—(28) can be partially solved in terms
of a real u-independent potential L(z, z, §)

vt =iDIL L=1L (39)
which is still restricted by
D;FD;L = D;L'D;.;L =0. (40)

If one includes coupling to the N = 2 Yang-Mills gauge
superfield, described by the covariantly chiral strength W
and its conjugate W [13], the constraints (40) can be con-
sistently deformed as follows [9]

DYDIL = ntr (DLW - D)
T — + ST
DiDIL = —ntr (DQW-DBW)

(41)
(42)

where L is a real u-independent gauge invariant superfield
while W is invariant under the central charge. Such a de-
formation corresponds in particular to the Chern-Simons
coupling of the antisymmetric tensor field, contained in
the vector-tensor multiplet, to the Yang-Mills gauge field.

The independent components of the vector-tensor mul-
tiplet can be chosen as

d=1| D =9.L|
Vo =DLL| i = Daill|
Gap = 3[Dai, D5 L| Ga,ézfl[pai,pg]lﬁ
Hyo = Hog = — [DZ Dy L | (43)
while the components of the vector multiplet are
X=W| =W|
N — DL x — Dy |
Fap = —1[Dai , DW |  Fyg=1[Dai, D5V |
Yl = —L(DYDIW + DLDYW) | (44)

with F,,, the field strength associated with the Yang-Mills
gauge field A,,. The fields H,, and G,,,, are subject to the
constraints

- 1 R

O H™ = ktr { ™" Fpppy = 20n(N'o™Xi) }

O G™™ = 2k O tr { (X + X)F™ + i)\iam")\i
ﬁxia—mw} (45)

which can be solved in terms of an antisymmetric tensor
B, and a vector V,,

2
H™ = ™9, By + rtr {e™™ (A, Fyy — 3 AnALA)
1 . _
_ 1 .
Gon = O Viy — 00 Vi, + 2k tr {(X + X)an + Z)\lo'mn)\i

1- _.
~ 3 MiOmn N} (46)
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Because of the constraints (41) and (42), the super-
field DIL is no longer analytic. But also the Lagrangians
(35) and (38) can be deformed to obtain supersymmetric
actions with Chern-Simons interactions. Similarly to [9],
let us introduce the following real superfield

T=L-Zu(W-W). (47)
Using the Bianchi identities [13,14]
DIW=0 (D)W = (D")*W (48)
one can prove the important identities
DIDIE =0 (49)

(D*)?Y = —(D")*2
= L@ (W2) = (D)t (W?)). (50)
Therefore, the imaginary superfield
Lt = i {Dt*IDl Y + 2(DV)’E

~Di XDy} (51)

satisfies both the constraints (6) and (7), and therefore
can be used to construct a supersymmetric action. The
corresponding action functional obtained by the rule (9)
describes the Chern-Simons coupling of the vector-tensor
multiplet to the N = 2 gauge multiplet. It was first de-
rived in component approach [4] and then in N = 2 super-
space [9]. We give only the bosonic part of the component
Lagrangian:

1 1 1 1
vt — 5 P mds_meHm_f mn mn 7D2
Lot 28 17) 5 4G Gmn + 5

+ik ™" tr {(X — X) Fn }

—ik H™ tr {(X — X)Dp (X + X)}

ok (45 - gtr (X — X)2) tr {D"X D, X
—%Fm"an - %Y”’Yij + i[X, XP*}
+2r% tr {(X — X)D" X} tr {(X — X)D,u X }
—&tr {(X — X)F™" e {(X — X)Fnn }
—&2tr {(X = X)YY} tr {(X — X)Y;;}
+fermionic terms .

(52)

Now, we generalize the total derivative Lagrangian (38)
(which is an N = 2 analog of F' F or 6-term). Similar to
[9], we introduce the real superfield

=L+t (W+W)" . (53)
Its properties read
Dg@;ﬂ =0 (54)

(D)2 = (D)2
- g {(DH)tr (W?) + (DF)?tr (W?)}. (55)
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As a consequence, the imaginary superfield
cit = i (D QD0 + QD)0

+D; D2} (56)
respects both the constraints (6) and (7) and therefore
defines a supersymmetric action.

The Lagrangian (56) is the deformation of (38). It is
therefore a deformation of the Chern-Simons form F F
which carries topological information. In components, the
bosonic Lagrangian reads

Eder,bos = am |: (¢ + gtl‘ (X + X)2)
X (Hm — i/ftr{(X-i-X)Dm(X _X)})

+%s’"”’“vnakv;} . (57)
and contains total derivative terms only.

In summary, in the present paper we have described
the vector-tensor multiplet and its Chern-Simons coupling
to the N = 2 gauge multiplet in harmonic superspace. It
would be of interest to find an unconstrained prepoten-
tial superfield formulation for the vector-tensor multiplet,
which may exist, similar to the Fayet-Sohnius hypermul-
tiplet, in harmonic superspace only.

After this work had appeared on the hep-th archive we be-
came aware of a recent paper [16] where the authors pre-
sented a two-form formulation of the vector-tensor multi-
plet in central charge superspace and derived its coupling
to the non-Abelian supergauge multiplet via the Chern-
Simons form. The later paper is a natural development of
the research started in [8].
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